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NOTE ON POLYAGROUPS

Janez USan and Malisa Zizovic¢*

Abstract. In the paper the following proposition is proved. Let
k>1,s>1,n=k-s+1andlet (Q, A) be an n—groupoid. Then, (Q, A)
is a polyagroup of the type (s,n—1) iff the following statements hold:
(1) (@, A) is an < i, s+i > —associative n—groupoid for all ¢ € {1,...,s};
< 1,n > —associative n—groupoid; (iii) for every af € @Q there is at
least one = € ) and at least one y € @ such that the following
equalities hold A(z,a} ™) = a, and A(a?"!,y) = a,; and (iv) for every
al € Qandforalli e {2,...,s}U{(k—1)-s+2,...,k-s} there is exactly
one z; € @Q such that the following equality holds A(a}™!, z;,a? ™) = ay.
[ The case s =1 (: (i) — (4i1)) is discribed in [4]. ]

1. Preliminaries

1.1. Definitions: Letk > 1, s > 1, n = k-s+ 1 and let (Q,A) be an
n-groupoid. Then: a) We say that (Q,A) is an s-associative n-groupoid
iff it is < u,v >-associative for all u,v € {1,...,n} such that v = v(mod s)
(cf. [1,2]); b) We say that (Q,A) is an i-partially s-associative (briefly:
iPs-associative) n-groupoid, i € {1,...,s}, iff it is < i,t-s+1i >-associative
forallt € {1,...,k} such thatt-s+i<k-s+1 c¢) We say that (Q,A) is a
polyagroup of the type (s,n—1) iff is an s-associative n-groupoid and an n-
quasigroup (cf. [1,2]); and d) We say that (Q, A) is an near— P-polyagroup
(briefly: N P-polyagroup)of the type (s,n — 1) iff is an Ps-associative n-
groupoid and for every j € {t-s+ 1|t € {0,1,...,k}} and for all a} € Q
there is exactly one x; € Q such that the equality

- -
Alay™ x5, 0} HY=a,

holds (cf. [6]).
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By 1.1, we conclude that the following proposition holds:
1.2. Proposition: Let k> 1, s> 1, n=k-s+1 and let (Q, A) n-groupoid.
Then: (Q, A) is an polyagroup of the type (s,n — 1) iff is an iPs-associative
n-groupoid for all i € {1,...,s} and is an n-quasigroup.
Remark: Every polyagroup of the type (s,n — 1) is an N P-polyagroup of the
type (s,n —1).

2. Auxiliary propositions

2.1. Proposition [6]: Let k> 1, s> 1, n=k-s+1 and let (Q, A) be an n-
groupoid. Then, (Q,A), is a near-P-polyagroup (briefly: N P-polyagroup)
of the type (s,n — 1) iff the following statements hold:
(1) (Q,A) is an < 1,5+ 1 >-associative n-groupoid;
(i) (Q,A) is an < 1,n >-associative n-groupoid; and
(tit) For every al € @Q there is at least one = € @ and at least one y € Q
such that the following equalities hold
A(z,a? ") = a, and A(a} ', y) = a, O
Remark: For s = 1 Proposition 2.1 is proved in [4].
2.2. Proposition: Let k> 1, s> 1, n=k-s+1,i€{1,...,s} and
let (@, A) be an n-groupoid. Also, let
(a) the < i,s +1 >-associative law holds in the (Q, A); and
(b) for every x,y,a Le @ the followmg implication holds
A(aillxan 1)_A( 7y7?1) =T =Y
Then (Q, A) is an iPs-associative n- groupozd

Remark: For £ = 2 and i € {2,...,s}, (Q,A) is an iPs-associative
n-groupoid iff (a).
Sketch of the proof.

A( -1 A( n+i— 1)7 31121) ACL 1’ st+i—1 A( Zi;+i71)7air—l|—;—l|—i):>

AGEE B, Afad !, At a2 e b ) =

AGLEE o Al AL 7 B )

AW AGE i A, a2, a3l ) =

MO, AGR 8 a0 A ), a2t it )
) =

A(b‘i a’ll 1 A( n+i— 1) QT_L’_ s—1
9 ? n 7
(See, also [3,6].)

2.3. Proposition: Let k > 2, s > 1, n=k-s+1, i € {1,...,s} and let
(Q, A) be an n-groupoid. Also, let

AbS.a z 1 as+z 1 A n+:s+zfl a2nfsf1 .
1,a [at) s—l—z

' 'n+s+1
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(1) (Q,A) is an iPs-associative (i € {2,...,s}) n-groupoid;

(2) For everyx,y, a?_l € Q the following implication holds A(ail_l, T, a?_l) =
Alaty,a? ) = 2 =y; and

(3) For every x,y,a;“l € Q the following implication holds

k—1)-s+i—1 .5 k—1)-s+i—1 s
A(ag ) + 7377 al(ckfl)sﬁ»z)) — A(ag ) + ’y’ a’](gkfl)erz)) = r = y

Then, for every :c,y,arf_l € Q and for all t € {1,...,k — 2} the following
implication holds A
A(atl.s—m_lv €, af;ﬂ)) = A(atl.s—‘rz_lv Y, af;ﬂ)) =T =Y.
Remark: A= ((k—1)-s+i)—i=(k—1)-s. Fork=2, A=s.
Sketch of the proof. A
A(atl'sﬂ_l,x, bgk—t).s—z+1> _ A(atisﬂ‘—l’y’ bgk—t)~s—z+1> N

i— k—t—1)-s .si— k—t)-s—i+1 .g4i— k—t)-s—i+1
A(d 1,d§ ) ,A(aﬁ + 1,x,bg ) ),cg + 1’dgkz—t)—1)-s+1):

rsti—1 d(kft)-sfiJrl)(l)

i— k—t—1)-s 54— k—t)-s—i+1
A(cq 17d§ : , Alay** 1,y,b§ Femtt ):€; P P(k—t—1)-s4+1

i1 (k—t—1)-s t.s+i—1 s—i+1y p(k—t)-s—i+l ts+i—1 (k—t)-s—i+ly _
A(cy, A(dy N N N 1 G y Al 1y.511) =

i— k—t—1)s t.s4i— S—i k—t)-s—i+tl t.gti— k—t)-s—i+1(2)
e TN N A

AT b b = AT ety i) 8

r=y. U
2.4. Proposition: Let k > 2, s > 1, n = k-s+ 1 and let (Q,A) be an
n-groupoid. Also, let
(1) (Q, A) is an iPs-associative (i € {2,...,s}) n-groupoid;
(2) For every at € Q there is exactly one x € Q such that the following
equality holds

and
(3) For every alf'SH € Q there is exactly one y € Q) such that the following
equality holds
E—1)-s4i—1 .
A(ag yati ' Y, a](ckil).eri) = Qf.s+1-
Then, for every alf'SH € Q and for allt € {1,...,k — 2} there is at least
one z € @ such that the following equality holds
A(atl.s—m_lv 2, awltg-jﬂ) = Qk-s+1-
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Sketch of the proof.

i k—t)-s—i 2.3
A(atl * 1vzubg g +1) = b(kft)-sfi+2<:>

A(c’fl,dgk_t_l)'S,A(at'”i*l . b(k—t)~s—i+1)

t-s+i—1 (k—t)-s—i+1
1 , %, by c d

G ) (kftfl)-erl) =

i k—t—1)-s s k—t)-s—i+1 (1)
Al l’dg : >b(k*t)-sfi+2>c§ i 1vdgkft)71)-:u)@

A(C§717A(d(k7t71)-s at'erifl,Z,b‘ifiJrl) b(kft)-sfiﬁ’l t.5+i71’d(k7t)-sfi+l)

1 » a1 1 Os_it2 ) G (k—t—1)-s+1

i— k—t—1)-s si— k—t)-s—i+1
A(d 17d§ : 7b(k*t)-sfi+27cg - 1vdEk—t)—1)~sJ-rH)‘ -

3. Result

3.1. Theorem: Letk > 1,8 > 1, n =k-s+1 and let (Q, A) be an n-groupoid.
Then, (Q, A) is a polyagroup of the type (s,n—1) iff the folllowing state-
ments hold:

(4)
(i)

(Q,A) is an < i,s + i >-associative n-groupoid for all i € {1,...,s};

(Q,A) is an < 1,n >-associative n-groupoid;

(tit) For every al € Q there is at least one = € @ and at least one y €

(iv)

such that the following equalities hold

A(z,a?™ ") = a, and A(a}™,y) = an; and
For every a € Q and for all j € {2,...,s}U{(k—1)-s+2,...,k-s}
there is exactly one x; € () such that the following equality holds

A(a{_l,xj,a;‘_l) = a,.
Proof. 1)=: Let (Q, A) be a polyagroup of the type (s,n—1) and s > 1.

Then, by the Definition 1.1, immediately we conclude that the statements
(1) — (iv) hold.

hold:

2)<: Firstly we prove that under assumtions the following statements

1° (@, A) is an near— P-polyagroup;
2° (Q, A) is an iPs-associative n-groupoid for all i € {2,...,s}; and
3° (@, A) is an n-quasigroup.

The proof of the statement of 1° :

Bi (i) for ¢ =1, (di), (4i7) and Proposition 2.1.

The proof of the statement of 2° :

a) k=2 : By (3).

b) k> 2 : By (i) for i € {2,...,s}, (iv) and Proposition 2.2.
The proof of the statement of 3° :

a) k=2 : By (iv).

b) k> 2 : By 1°, 2°, (iv), Proposition 2.3 and Proposition 2.4.
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By 1° —3° and Proposition 1.2, we conclude that the n-groupoid (@, A)
is a polyagroup of the type (s,n —1). O

3.2. Remark: The case s =1 (: (i) — (ii7)) is described in [4].
See, also [5].
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